1. [3] How many integers less than 100 are divisible by 77

Proposed by Sam Easaw.

Answer:

Solution: The largest multiple of 7 less than 100 is 98. Thus, there are 98/7 =
multiples of 7 less than 100.

2. [3] Justin is thinking of a positive integer. He doubles his number, then triples
his number, then adds 1 to his number, and ends up with 61. What integer did
Justin begin with originally?

Proposed by Sam Easaw.

Answer:

Solution: Let Justin’s integer be n. Then, 3 -2n + 1 = 61, so 6n = 60, and thus

n = [10]

3. [3] Sam, Bill, and David went to an all-you-can-eat sushi restaurant and ate 70
pieces of sushi in total. Sam says he ate a prime number of pieces of sushi. David
says that he ate 25 pieces of sushi. Bill says that the number of pieces he ate is
divisible by 13. How many pieces of sushi did Sam eat?

Proposed by Sam Easaw.

Answer:

Solution: David ate 25 pieces, so Sam and Bill ate 70 — 25 = 45 pieces in total.
— If Bill ate 0 pieces, then Sam ate 45 pieces, which is not prime.
— If Bill ate 13 pieces, then Sam ate 32 pieces, which is not prime.
— If Bill ate 26 pieces, then Sam ate 19 pieces, which is prime.
— If Bill ate 39 pieces, then Sam ate 6 pieces, which is not prime.

So, Sam must have eaten pieces.

4. [3] What is the sum of all two-digit numbers whose digits multiply to 207

Proposed by Sam Easaw.



Answer:

Solution: The only way two single-digit numbers can multiply to 20 is with 4 -5
or 5 -4. Thus, the only two-digit numbers whose digits multiply to 20 are 45 and
54, so the answer is 45 + 54 = .

. [3] A square has the same area and perimeter. What is its length?

Proposed by Fvan Zhanyg.

Answer:

Solution: Let the side length of the square be s. Then, s? =4 -5, s0 52 — 45 =
s(s —4) = 0. s cannot be 0, so s = [4]

. [4] Manil walks 15 units forward and 20 units to the right. He then walks directly
back to where he started. How far, in total, did he walk?

Proposed by Sam Easaw.

Answer:

Solution: By the Pythagorean Theorem, his final walk back to where he started
will have length /152 + 202 = /225 + 400 = /625 = 25. So, in total Manil
walked 15 + 20 + 25 = |60 | units.

. [4] A fair 6-sided die is rolled once onto a table so that one of the faces is facing
the table. What is the probability that the sum of the numbers on each of the 5
visible faces is odd?

Proposed by Sam Easaw.

1
A =
nswer

Solution: The sum of the numbers on every faceis 1 +2+3+4+5+6 = 21.
Let k be the number that is face down on the table, so that 21 — k is the sum of
the numbers on the visible faces. If k is odd, then 21 — k is even, and if k is even,
then 21 — k is odd. Thus, we are looking for the probability that a random roll k

1
is even, which is just .
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[4] A palindrome is a number that is read the same forwards and backwards.
For example, 11, 121, and 1331 are all palindromes. What is the only 3 digit
palindrome that is divisible by 457

Proposed by Sam Easaw.

Answer:

Solution: If the palindrome is a 3-digit number, then its hundreds digit must
not be zero, and thus its units digit must also not be zero since they must be the
same. Since the number is divisible by 5, its first and last digits must be 5.

Our number is now 5X5, for some digit X. Since the number is divisible by 9, we
know that 5+ X + 5 = 10 + X must be divisible by 9 as well. The only digit X
which satisfies this is 8, as 10 + 8 = 18 = 2- 9. Thus, the answer is | 585 .

. [4] Louie the cat has 3 bowls of milk. The first bowl has twice as much milk as

the second bowl, and the third bowl has 6 more ounces of milk than the second
bowl. If Louie pours all the milk together into one bowl, he has 30 ounces of milk
in total. How many ounces of milk were in the first bowl?

Proposed by Gloria Jin.

Answer:

Solution: Let the number of ounces in the first bowl be ¢. Then, the second
bowl has § ounces of milk, and the third bowl has § + 6 ounces of milk. Adding

the bowls together,
c c
- —+6) =230
o+ (3)+ (5+9)

c+c+6=30
2c=24
c=12.

Thus, the answer is .

[4] Ken likes to eat cans. Ken is eating an empty cylindrical can with a base
radius of 5 cm and a height of 12 cm. However, there is a label on the can that is
wrapped around the can and covers the can’s entire lateral surface. How much
surface area of the can can Ken eat that is not covered by the label?

Proposed by Alan Sai.
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Answer:

Solution: If the lateral surface of the can is completely covered, Ken can only
eat the top and bottom of the cylinder. Each of the top and bottom are circles of
radius 5, which have area 5? - 7 = 257 each, so the total area of the can that Ken

can eat is 2b7w -2 = .

[5] Jeremy’s school cafeteria offers 3 categories on their menu: 2 choices for hot
food, 3 choices for sides, and 2 choices for drinks. How many different orders can
Jeremy get for lunch if he can only pick at most one item from each category
(Jeremy may choose to eat nothing)?

Proposed by Peter Guo.

Answer:

Solution: If Jeremy can choose at most 1 item from each category, he can not
only choose the given options from the category but can also choose to eat nothing
from a category. This adds 1 to each option in each category. Thus, the number
of combinations of each lunch category is (2+1)(3+1)(2+1) =3-4-3 =[36]

[5] Isosceles triangle AABC with AB = AC has ZBAC = 24°, and a point X is
chosen on the interior of segment AC such that BX = BC. What is the measure
of angle /ZBX A?

Proposed by Sam Fasaw.

Answer:

Solution:
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Since AB = AC, we also have that ZABC = ZACB, so ZACB = £(180° —
24°) = 78°. Since BX = BC, we also have that ZXCB = ZBXC = 78° so

/BXA=180°— ZBXC = 180° — 78° = |102°].

[5] Tonka is signed up for a math class. On his first day, he scores a 50 on his
test, and on each following day, his score on his test increases by 5. After 10 days,
Tonka scores a 100 his test. What was his average grade on the test over his 11
days in his math class?

Proposed by Lucas Zeng.

Answer:

Solution: Tonka’s scores will be an arithmetic sequence:
50, 55,60, ...,95,100.

Note that the first and last terms of the sequence can be paired, and they sum to
150. Accordingly, the second and second to last terms can be paired, and sum to
150. We can do this with all terms except 75, gaining 5 pairs of integers which
sum to 150. Thus, his average grade will be

150-5+75 (75-2)-54+75 75-11
11 11 11
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Note that the number of days he took the tests does not matter—only the first
and last scores.

[5] A number is cultured if it is prime, and leaves a remainder of 2 when divided
by 13. What is the sum of all two-digit cultured numbers?

Proposed by Jincheng (Kevin) Feng.

Answer:

Solution: Note that all two-digit prime numbers must be odd. Thus, a cultured
number cannot be 2 more than an even number, as then it would be even. We can
now check all two-digit numbers which are two more than an odd multiple of 13:

— 13- 1+ 2 =15, which is not prime.

— 13 -3+ 2 =41, which is prime.

— 13-5+ 2 = 67, which is prime.

— 13- 7+ 2 =93, which is not prime.
Thus, the answer is 41 4+ 67 =[108].

[5] Winter has a pink marker, a blue marker, and a black marker. Each time she
writes one letter of a word, she has to pick a different colored marker before she

continues writing the word. In how many different ways can she color the word
“WHIPLASH”?

Proposed by Sam FEasaw.

Answer:

Solution: She has 3 ways to pick the first color, then each proceeding color has
to be different from the last color, so there are two options for each letter that

isn’t the first. So, the answer is 3-2-2-2-2-2-.2-2=3.27 =[384|

[7] The first 2027 positive odd integers are arranged in a sequence in such a way
that each number is the average of the two numbers adjacent to it in the sequence.
What is the smallest possible value of the 1014th term of this sequence?

Proposed by William Roe.
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Answer: | 2027

Solution: Let the ordering be {a;} = {a1,as,...,a297}. We claim that the
sequence must be either always increasing or always decreasing.

Since all a; are distinct, we can assume without loss of generality that a; < as.
Since ay is the average of a; and a3, we can say that a; < as < az. Now, since ag
is the average of ay and a4, we can say that

2CL3 = ag + ay, SO a4 = 2CL3 — Q9.

Because ay < a3, we can then say that ay < a3 < ay. Thus, a1 < ay < a3 < ay.
Applying the same logic to a4, and then all a; until asgo7, we find that

a; < ag < --- < a9o27-

If a; > as3 instead, we can apply the same logic to achieve a; > ag > -+ > aggor.
Thus, our sequence must be

1,.3,5,...,4051,4053
or its reverse.

The nth term of the increasing sequence is 2n — 1. Thus, the 1014th term must
be 2-1014 — 1 = 2027. If we reverse the sequence, the middle number does not

change, so the answer is | 2027 |.

[7] In how many ways can Alice, Bob, Carol, Dave, and Eric to sit around a
round table if Dave is jealous of Eric’s coolness and refuses to sit next to him?
Two seatings that are identical after a rotation of the table are considered the
same.

Proposed by Eric Xie.

Answer:

Solution: We use complementary counting.

If Dave isn’t jealous of Eric, there are 5! = 120 ways if rotations aren’t considered
the same. However, if rotations are considered the same, every table is arrangement
is equivalent to 4 others through rotation. So there will be 5!/5 = 24 ways for
them to sit.

If Dave must sit next to Eric, we can consider them as a group. Within this group
there is 2 ways to arrange Dave and Eric. With 4 groups there are 4!/4 = 6 ways
to arrange the groups where rotations are equivalent (for the same reasons as
above).

Thus if Dave refuses to sit next to Eric, there are 24 — 12 = arrangements.
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[7] Two externally tangent circles with radii 8 and 12 have centers X and Y
respectively, and they intersect at a single point Z. A point O is chosen on the
common tangent line to the two circles passing through Z so that OY = OX + 1.
What is the value of OX + OY?

Proposed by Sam Easaw.

Answer:

Solution: The tangent line through Z to both circles is perpendicular to XY,
by tangency. So, by Pythagorean Theorem,

OX?>—-XZ?=02°=0Y?*-YZ>

Thus, OX? — 64 = OY? — 144, and OY? — OX? = 144 — 64 = 80. We can express
this as

OY? - 0X?* = (0OY + OX)(0Y — OX)
and we are given that OY —OX =1, so

OY? - 0X*=(0X +0Y)-1=0X +0Y =[80].

[7] Kele is struggling on a true or false brain rot test. If the test has 7 questions
in total, what is the probability that Kele randomly guesses at least 6 questions
correct?

Proposed by Ashley Zhang.
1
16

Answer:

Solution: For Kele to succeed, she must either guess 6 or 7 of the questions
correctly.

If she guesses 6 correctly, there are (I) = 7 different ways she could have answered

the questions (choosing which one she got wrong). Each problem has a 1/2 of
being guessed correctly. Thus she has a 7/27 = 7/128 chance of guessing 6.

If she guesses 7 correctly, there is only 1 way to do this. Each problem has a 1/2
chance of being guessed correctly. Thus there is a 1/128 chance that she guesses
7 correctly.

In total the probability that she guesses at least 6 correctly is

7 1 1

198 T 128 |16/
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[7] Let the Fibonacci sequence be defined by first term F; = 1, second term
I, =1, and nth term F,, = F,,_1 + F,,_s. How many of the first 2026 terms of
the Fibonacci sequence are odd?

Proposed by Siyuan Yan.
Answer: | 1351

Solution: Note that the parity (even or odd) of any F,, only depends on F),_
and F,,_;. With finitely many such pairs, the parity must be periodic. Mapping
out a few terms, with 1 denoting odd and 0 denoting even, we have

1,1,0,1,1,0,...,

repeating every 3 terms. Thus, of the first 2025 terms, exactly 2 - 2025/3 = 1350
terms are odd. Furthermore, the 2026th term is odd, so there are |1351| odd

terms.

[9] A square and a circle share the same center, and the ratio of the square’s
side length to the circle’s radius is v/3. What fraction of the square’s perimeter
lies within the circle?

Proposed by Sam Easaw.

Answer:

e

Solution:
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309

D C

Let side length of the square be s and the radius of the circle be 7. Then, s/r = v/3,
and thus (s/2)/r = /3/2.
Referring to the diagram above, we can thus say that (s/2)/r = OM/OF = /3/2.

Thus, AOMF is a 30 — 60 — 90 triangle. Since the figure is symmetric, we thus
need to find EF/AB.

Assume AB = 1. Thus, OM = 1/2, and M F = %, and thus BF = L = ?

2V3
Thus, the answer is EF/AB = \f :

&l

[9] Let
f(x)=(x—1)(z—4)(z - 9)(x — 16)(z — 25) - - - (x — 20257).

The value of f(2026%) can be expressed as n!/k for some integers n and k, where
k is minimized. What is the value of n + k7

Proposed by William Roe.
Answer: [6077
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Solution: Note that

£(2026%) = (20262 — 1)(2026* — 4) - - - (2026* — 2025%)
= (2026 + 1)(2026 — 1)(2026 + 2)(2026 — 2) - -
-+ (2026 4 2025)(2026 — 2025)
= 2027 - 2025 - 2028 - 2024 - - - 4051 - 1
=1-2---2024 - 2025 - 2027 - 2028 - - - 4050 - 4051.

This product is just 4051! with the 2026 term omitted. Thus, this quantity is

equal to
1-2-3---4050 - 4051  4051!

2026 2026
which clearly minimizes k. Thus, the answer is 4051 4+ 2026 = | 6077 |.

£(2026%) =

[9] Points X, Y, and Z are chosen on the surface of sphere p with radius 4 such
that AXY Z is an equilateral triangle of side length 6. Another point P is chosen
on the surface of p. What is the maximum value of the volume of tetrahedron
PXYZ?

Proposed by Sam Fasaw.

Answer: 18\/§

Solution: Let O be the center of the sphere. For P to maximize the volume of
tetrahedron PXY Z, the distance from P to the plane containing triangle AXY Z
should be maximized. By the triangle inequality, this is attained when OP is
perpendicular to this plane, and thus P lies directly above the center of AXY Z
on the other side of O.

If @ is the center of equilateral triangle AXY Z, the distance from O to the plane
containing AXY 7 is just OQ). Also, since AXY Z is equilateral, we can say that
QX is % -6 - % = 6/v/3 = 2v/3. Now, we can calculate OQ with the Pythagorean
Theorem:

0Q>=0X* - XQ*=4>—(2v3)* =4
0Q = 2.

Thus, the distance from P to the plane of AXY Z is PQ = OP+0Q =4+2 =6,
so the volume of PXY 7 is

base - height 1
3 -3

2
;-6r36—1&@.

([AXYZ] - PQ =




24. [9] Thomas chooses three unique points at random from the vertices of a regular
2026-gon. What is the probability that the triangle formed by those three points
is obtuse?

Proposed by Siyuan Yan.

337

Answer: | —
675

Solution: Let w be the circle passing through all the vertices of his polygon. Let
one vertex of the polygon be A, and let the point diametrically opposite of A on
w and the polygon be B.

We can choose another point C' from the rest of the points on the polygon. Now,
we can choose another point D on the polygon to form AACD.

Note that ZAC B = 90° since AB is a diameter of w. Thus, if D were to lie on the
other side of AB than C', then ZAC'D < 90° by the inscribed angle theorem, and

clearly ZADC < 90° as well by the same argument. This would cause triangle
AACD to be acute.

Instead, we can choose C' and D to be on the same side of AB, so that ZACD or
ZADC' is obtuse by the inscribed angle theorem, making triangle AADC' obtuse.

We may choose C' and D from one side in

5 <(20262— 2)/2> . (10;2)

ways, and we may choose C' and D from the entire polygon in

2026 — 1\ (2025
2 o\ 2
ways.

Thus, the answer is

2- (") 2.(1012-1011/2)

(%§5) 2025 - (2024/2)
~ 1012-1011
2025 - 1012
1011
T 2025

337

675 |
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[9] Let f(n) output the sum of the first n positive integers, where n is positive.
Let S be the set of all integers k such that f(k) is a perfect square. What is the
sum of the 3 smallest numbers in S?

Proposed by Sam Easaw.

Answer:

Solution: Note that f(n) =1+2+---+n = 3n(n+ 1). By the Euclidean
Algorithm, k and k + 1 satisfy

ged(k, k4 1) = ged(k, 1) = 1.
For f(k) to be a perfect square, k + 1 and k/2 themselves must be squares or
alternatively (k 4+ 1)/2 and k must be squares.

We check upwards for two consecutive integers that satisfy k = a? and k+1 = 2-b?,
for some a and b. We also only need to check odd square k as k 4 1 is divisible
by two only in this case.

—Atk=1,k+1=2=2-(1)% so k=1 works.
—Atk=9k—1=8=2-(2)%s0ok+1=09, k=8 works.
—Atk=25k—1=24=2-12, k+1=26=2-13, doesn’t work.
— At k=49, k+1=50=2-(5)? so k =49 works.

So, the answer is 1—|—8+49:.

[12] Six points A, B, C, D, E, and F are chosen at random along the circumfer-
ence of a unit circle. Estimate the expected value of the area of the intersection
of triangles AABC and ADEF.

Proposed by Evan Zhang.

Answer: |0.0864820984219 |

Solution: Note that the two triangles are independent, meaning the probability
a given point inside the circle lies inside both triangle is equal to the probability
it lies inside one triangle squared.

As a function of the distance from the center of the circle r, the probability a
point is contained within a randomly chosen triangle is given by

1 3

f(r) = 1 o2 Liy(r?)
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where Liy represents the dilogarithm function.

We wish to evaluate

27 2
/ / ( L12( )) rdrdd
3 , 9 .
—7r/0 T 4—7T2L12(u) + 4—7T4L12(u) du

= (15— 12 €O = 1)+ 5 (500 — 4¢3 — 20(2) +6) )
~| 0.0864820984219 |

where ((s) denotes the Riemann zeta function.

[12] Let In! =n!l x (n—1)! x --- x 1! (where m! = m x (m — 1) x --- x 1).
Estimate the number of trailing zeroes at the end of 12026!.

Proposed by Evan Zhang.

Answer:

Solution: A number has n trailing zeroes when it is divisible by 10" = 2™ x 5.
Factors of 2 are more common than factors of 5, so we wish to find the number
of factors of 5 in 12026!, which is just the sum of the number of factors of 5 in
2026!,2025!, - -, 2! 11,

Every multiple of 5 contributes 1 factor of 5, every multiple of 25 contributes an
additional factor, as does eveyr multiple of 125 and 625. Thus, we are trying to

Rl

n=1

(Note that all powers of 5 greater than 625 will be greater than 2026, so the floors
are 0).

For convenience, we can make the sums start at n = 0. We can then evaluate the
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sum of each term independently as follows

2026 n
ZM:0~5+1-5+---+404-5+405-2
n=0
404) (4

:((]>2((]5)-5+405-2:409860
2026 n
Z{J—0~25+1-25+---+80~25+81-2
n=0 25

:@0);81)-254—81-2:81162
2026 n
Z{J:0~125+1-125+~~~+15~125+16~27
2 135

:(15>2<16>.125+16.27:15432

) {"J —0-625+1-625+2-625+3- 152

625
= (2>2(3)'625—|—3~152—2331.

Summing all these terms gives

409860 + 81162 + 15432 4 2331 = | 508785 |.

To obtain a good estimate quickly, we can drop the floor functions and assume
the pattern continues to infinity, giving

2026, 026, 1(2026)(2027)
Sy =N S AR 513337.75.
nzzo T n;o 4 4 2

We know our answer will be less than this, and to see just how much more we can
restrict the bounds of our infinite sum to only go up to g, giving a new estimate
of 512516.41.

n=0

Clearly, our actual answer will still be less than this. Notice that | %] will be less
than 2 approximately % by approximately % The same goes for the other terms,
giving us a final estimate of

174 24 124 624
1251641 — — (- + —+ —+ — ) - ~ 17.
512516 5 (5 + 55 + 125 + 625) 2026 ~ 508717

[12] A weighted 20 sided die has the numbers 1 through 20 written on its faces.
The probability of rolling any face is proportional to the number on the face.
Estimate the expected number of rolls it will take to roll each number 1 through
20 at least once.



Proposed by Fvan Zhanyg.

Answer: |263.584666762 |

Solution:

Similar to the case where each face has an equal probability to be rolled, we
can approach this by summing the expected number of rolls to roll a new face.
However, unlike the simpler case, this depends not only on how many unique
faces have been rolled, but also what those faces are.

For any proper subset Y C X, let E[Y] denote the expected number of rolls to
roll a face not in Y and let Y denote the sum of the elements of Y. Then, the
expected number of rolls [E until all faces have been rolled is

> P(Y) E[Y]

YCX

where P(Y) is the probability that, at some point, Y is the set of unique faces
rolled. At such a state, the probability we roll another value in Y is

1
J— y'
P

Then, the expected number of rolls for that to occur is

yey

-1
E[Y] =N - (Zy) .
We can compute P(Y) recursively as follows:

Y
P(Y) =3 v PON\{u})
=t N-YY
where Y'\{y} denotes the set of elements of Y apart from y. Since Y\{y} C X,

we must have computed it anyways, so this isn’t particularly computationally
intensive.

Performing the necessary summation, we arrive at the value of |263.584666762 |

Note that the expected value of rolls to obtain every value at least once must be
greater than the expected value of rolls to obtain a 1, which is 210.
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[12] A real number z is chosen at random on the closed interval [0, 1]. Estimate

the expected value of
2026 {nx}

>

n=1 [’NII—I
where {x} denotes the fractional part of x and [z] denotes the least integer
greater than x.

Proposed by Fvan Zhanyg.

Answer: |17.1853817526]

Solution: Start by considering only the case where n = k, where we wish to find
the expected value of
{ka}

(kx|

Notice that for x satisfying % <z < %, for integer j, the fraction’s numerator
has an average of % while the denominator is 7. This means the total expected
value when n = £ is

S
2k

giving a total expected value over all £k as

We can see this value is equal to

;((1+;+---+20126)2+(1+212+-~-+20§62)>
; .

This can be approximated as

1 2

- ((m 2026 + ) + ”) ~[17.18

4 6
where 7 is the Euler-Mascheroni constant.
[12] For some integer x, let k(z) denote the number of positive divisors of z
multiplied by the sum of the positive divisors of z. For example, k(12) =628 =
168, as it has 6 divisors and they sum to 28. Let N denote the set of all natural

numbers. Estimate

zeN

x3



Proposed by Bill Qian.

Answer: |3.7704718112945556641 |

Solution: Let f(z) = k(z)/2® = s(x) - d(x)/x® where s is the sum of divisors
and d is the number of divisors of z. Note that f(x) is multiplicative since s(z)
and d(z) are also multiplicative under relatively prime arguments. In particular,
for relatively prime x and y, f(xy) = f(x)f(y). Then, if the prime factorization
of x is
Peps Pk
we can write
fl@) = fo1) - f(0F?) -+ f(pi)-

Then,

> fla) =113 ft)

z€eN i=1j=0

where p; is the ith smallest prime number.

We are thus interested in computing, for an arbitrary prime p,

E e Xk D)A+p A4+ ph)
;gf(p)_];) p3k
Z (k+1) (M - 1)

-

k=0 (p - 1)p3k
LS ()

p— 1 = p2k ka p3k p3k
_ 1 p- p—2k N P B p—3k B 1
p— 1 (1 _ p—2k)2 1 — p—2k (1 _ p—3k>2 1— p—3k

“5i (- )

SREAS
p—1\(*-12% (@-12)

Taking the product over all primes gives \3.7704718112945556641 \




